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Abstract

In this paper we investigate edge product cordial labeling and total edge product cordial labeling for

cycle with one chord, cycle with twin chords, triangular ladder graph and comb graph.
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1 Introduction

We begin with simple, finite, connected and undirected graph G = (V(G), E(G)) with order p and size q.
For all standard terminology and notation we follow Clark and Holton [2]. We will give brief summary

of definitions which are useful for the present investigations.

Definition 1.1. A graph labeling is an assignment of integers to the vertices or edges or both subject to

certain condition(s).

For an extensive survey on graph labeling and bibliographic references we refer to Gallian [3].

In 1987, Cahit [1] introduced the cordial labeling as a weaker version of graceful and harmonious la-
belings. Some labeling schemes are also introduced with minor variations in cordial theme. In 2004,
Sundaram et al. [6] have introduced product cordial labeling in which the absolute difference in cordial
labeling is replaced by product of the vertex labels.

The edge analogue of product cordial labeling was introduced by Vaidya and Barasara [7] and they

named it as edge product cordial labeling which is defined as follows.

Definition 1.2. For a graph G = (V(G), E(G)), an edge labeling function f : E(G) — {0, 1} induces a
vertex labeling function f : V(G) — {0, 1} defined as f(v) = nf(e;) for {e; € E(G)/e; is incedent to v}.
Now denoting the number of vertices of G having label i under f as v(i) and the number of edges of G
having label i under f as ez(i).

Then f is called edge product cordial labeling of graph G if [v;(0)vs(1)] < 1 and |ef(0)es(1)] < 1. A
graph G is called edge product cordial if it admits edge product cordial labeling.
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In[8,9, 10, 11, 12], Vaidya and Barasara have investigated several results related to edge product cordial
labeling. Prajapati and Shah [4] have proved some results related to edge product cordial labeling in the
context of duplication of some graph elements while Prajapati and Patal [5] have discussed edge product
cordial labeling for some cycle related graphs.

The edge analogue of total product cordial labeling was introduced by Vaidya and Barasara [13] and

they named it as total edge product cordial labeling which is defined as follows.

Definition 1.3. For a graph G = (V(G), E(G)), an edge labeling function f : E(G) — {0, 1} induces a
vertex labeling function f : V(G) — {0, 1} defined as f(v) = nf(e;) for {e; € E(G)/e; is incedent to v}.
Now denoting the number of vertices of G having label i under f as v¢(i) and the number of edges of G
having label i under f as ey(i).

Then f is called total edge product cordial labeling of graph G if |[(v(0) + ef(0)(ve(1) + ep(1))l < 1. A
graph G is called total edge product cordial if it admits total edge product cordial labeling.

In [14], Vaidya and Barasara have discussed total edge product cordial labeling in the context of various

graph operations.

Proposition 1.4. [13] Every edge product cordial graph of either even order or even size admits total

edge product cordial labeling.
Definition 1.5. A chord of cycle C, is an edge joining two non-adjacent vertices of cycle Cj,.

Definition 1.6. Two chords of a cycle C,, are said to be twin chords if they form a triangle with an edge
of cycle C,,.

Definition 1.7. The ladder graph L, is defined as P,0O0P,,.

Definition 1.8. The triangular ladder graph T'L, is obtain from ladder graph L, by adding the edges

uivipp forl <i<n-1.
Definition 1.9. The comb (P, ® K) is obtained by joining a pendant edge to each vertex of path P,,.

In this paper we have investigated edge and total edge product cordial labeling for cycle with one chord,

cycle with twin chords, triangular ladder graph and comb graph.

2 Main Results

Theorem 2.1. Cycle C,, with one chord is an edge product cordial graph except when # is even and

chord is joining vertices which are at diameter distance.

Proof: Let the graph G be the cycle with one chord. Let vy, v, v3,..., v, be the vertices and ey, e, . . .,
e, be the edges of cycle C,. To define f : E(G) — {0, 1}, we consider following two cases.
Case 1: When 7 is odd.

. . . . n+1
Without loss of generality we assume that the chord is e,.; = viv; where 3 < i < 7
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f(e) =0; 1<i<
f(en+1) =0,
fle) =1,

In view of the above defined labeling pattern we have
+1 -1
\%mznz and v (1) =

n+1
er(0) = ef(1) = >
Thus in this case we have [v¢(0) — v¢(1)| = 1 and |ef(0) — ef(1)| = 0.

Case 2: When n is even.

Subcase 1: If the chord is ¢4+ = VIV
In order to satisfy the edge condition for a graph to be edge product cordial it is essential to assign label

0 to at least g edges out of n + 1 edges. The edges with label 0 will give rise to at least g + 1 vertices

with label 0 and at most g — 1 vertices with label 1 out of total n vertices. Therefore [v/(0) — v (1) > 2.

Thus the vertex condition for a graph to be edge product cordial is violated.

Subcase 2: Without loss of generality we assume that the chord is e,+; = v{v; where 3 <i < g
fle) = 0; lsisg—L
f(en+l) =0,
flen =1; gsiﬁn

In view of the above defined labeling pattern we have

W@:Wm=g

e =3

Thus in this case we have [v¢(0) — v¢(1)| = 0 and |ef(0) — ef(1)| = 1.

Hence, cycle C, with one chord is an edge product cordial graph except when # is even and chord is

zmdqﬂ)=g+1

joining vertices which are at diameter distance. |

Illustration 2.2. The cycle C7 with one chord and its edge product cordial labeling is shown in Figure
1.

Figure 1
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Theorem 2.3. Cycle C, with one chord is a total edge product cordial graph.

Proof: Letthe graph G be the cycle with one chord. Let vy, v, vs, ..., v, be the vertices and ey, e, . . ., e,
be the edges of cycle C,,. To define f : E(G) — {0, 1}, we consider following two cases.

Case 1: When n is odd.

Here graph G is of even size and it is edge product cordial as proved in Theorem 2.1. Then by Proposition
1.4 the result holds.

Case 2: When n is even.

Subcase 1: If the chord is e,,41 = VivViL.

fle)) =05
fle) =1;

In view of the above defined labeling pattern we have

v(0) = g +1andvy(l) = g ~1

e(0) = g and e;(1) = g +1
Thus in this case we have |[(v£(0) + e£(0)) — (ve(1) + ep(1))| = 1.
Subcase 2: Without loss of generality we assume that the chord is e,+; = v{v; where 3 <i < E.
Here graph G is of even order and it is edge product cordial as proved in Theorem 2.1. Then by Propo-
sition 1.4 the result holds.

Hence, cycle C,, with one chord is a total edge product cordial graph. [ |

Hlustration 2.4. The cycle Cg with one chord and its total edge product cordial labeling is shown in

Figure 2.

Figure 2

Theorem 2.5. Cycle C,, with twin chords is an edge product cordial graph except when » is even and a

chord joining vertices which are at diameter distance.

Proof: Let the graph G be the cycle with twin chord. Let vi,vo, v3, ..., v, be the vertices and ey, e, . . .,
e, be the edges of cycle C,,. To define f : E(G) — {0, 1}, we consider following two cases.
Case 1: When 7 is odd.
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Without loss of generality we assume that the twin chords are e,.; = viv; and e,42 = viv;41 Where

3<i< !

-1
flen=0:  1<i<i,
f(el’H-l) = O’

+1
fle) =1; n2 <i<n,
flensn) = 1.
In view of the above defined labeling pattern we have
+1 -1
vp(0) = 2 mmwnznz
+1 +3
ep(0) = = mmmnznz

Thus in this case we have [v¢(0) — v¢(1)| = 1 and |ef(0) — ef(1)| = 1.

Case 2: When 7 is even.

Subcase 1: If the twin chords are ¢,,;1 = viva and e,40 = ViV

In order to satisfy the edge condition for a graph to be edge product cordial it is essential to assign label
0 to at least g + 1 edges out of n+ 2 edges. The edges with label 0 will give rise to at least % £ 1 vertices
with label 0 and at most g — 1 vertices with label 1 out of total n vertices. Therefore |[v(0) —v(1)] > 2.
Thus the vertex condition for a graph to be edge product cordial is violated.

Subcase 2: Without loss of generality we assume that the twin chords are e;,+; = viv; and e,,.» = v{Vv;4]
n
where 3 <i < 5—1.

flen =0; 1f’fg—L
f(en+1) = 09

f(en+2) = O,

flen =1; gsiﬁn

In view of the above defined labeling pattern we have

vr(0) = vp(l) =

n
2

n
er(0) = ef(1) = 3 +1
Thus in this case we have [v¢(0) — v¢(1)| = 0 and |ef(0) — ef(1)| = 0.

Hence, cycle C,, with twin chords is an edge product cordial graph except when 7 is even and a chord
joining vertices which are at diameter distance. [ |

Illustration 2.6. The cycle Cy with twin chord and its edge product cordial labeling is shown in Figure
3.
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Theorem 2.7. Cycle C, with twin chords is a total edge product cordial graph.

Proof: Let the graph G be the cycle with twin chord. Let vy, v, v, ..., v, be the vertices and ey, e, .
e, be the edges of cycle C,. To define f : E(G) — {0, 1}, we consider following two cases.
Case 1: When 7 is odd.

Without loss of generality we assume that the twin chords are e,.; = viv; and e,y = viv;y1 Where

cey

3cic ]
-1
flen=0;  1<i<i—,
+1
fle) =1; n2 <i<n,
flent1) =0,
flens2) = 1.
In view of the above defined labeling pattern we have
+1 -1
vp(0) = 2= and vy(1) = =
+1 +3
e;(0) = 22— and ef(1) = ”T

Thus in this case we have [(v£(0) + e£(0)) — (ve(1) —es(1))| = 0.
Case 2: When n is even.

Subcase 1: If the twin chords are ¢, = viva and e, = ViV

fle) =1; 1Sisg,
fle) =0; g+lsism
flens) =1,

flen2) = 1.

In view of the above defined labeling pattern we have

n

vr(0) =
er(0) =

+1mdwﬂ)=g—1
n

2

[\

mﬂeﬂl%:g+2
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Thus in this case we have |[(v£(0) + e£(0)) — (ve(1) — ef(1))| = 0.

Subcase 2: Without loss of generality we assume that the twin chords are e,;1 = viv; and e,12 = viVvi4g
where3si§g—1.

Here graph G is of even order and it is edge product cordial as proved in Theorem 2.5. Then by Propo-
sition 1.4 the result holds.

Hence, cycle C,, with twin chords is a total edge product cordial graph. [ |

Ilustration 2.8. The cycle Cg with twin chord and its total edge product cordial labeling is shown in
Figure 4.

Figure 4

Theorem 2.9. The triangular ladder T'L,, is not an edge product cordial graph.

Proof: The triangular ladder T L, is of order 2n and size 4n — 3. In order to satisfy the edge condition
for a graph to be edge product cordial it is essential to assign label O to at least 2n — 2 edges out of 4n—3
edges. The edges with label O will give rise to at least n + 1 vertices with label 0 and at most n — 1
vertices with label 1 out of total 2n vertices. Therefore [v#(0) —v(1)| > 2. Thus the vertex condition for
a graph to be edge product cordial is violated. Hence, the triangular ladder T'L,, is not an edge product

cordial graph. [ |

Theorem 2.10. The triangular ladder T'L,, is a total edge product cordial graph.

Proof: The triangular ladder T'L, is of order 2n and size 4n — 3. Let uy, us, . . . , u, be the vertices corre-
sponding to first path while vy, v,, .. ., v, be the vertices corresponding to second path. Letey, e, ..., e,-1
be the edges corresponding to first path, e,, 11, ..., e2,—> be the edges corresponding to second path,
em—o+i = uivi for 1 <i < nand ez = ujvipp for1 <i <n—1. To define f : E(TL,) — {0, 1}, we
consider following four cases.

Case 1: When n = 0 (mod 4).
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flep=0.  1<is?2
fep=1. L<i<n-l,
flen=0, n<is 7"4_8,
fled =1; ot icom-n,
fle2-1) =0,

flep) =1; 2n<i<4n-3.
In view of the above defined labeling pattern we have
3
v4(0) = 7” and v (1) =

ef(0) = 3n

Thus in this case we have |(v/(0) + e£(0)) — (ve(1) —ep(1))| = 1.
Case 2: When n = 1 (mod 4).

ST

—4
2

and ef(1) =

3n-3

f(e) =0; 1<i<t ,
3n+1 .

fle) =1; <i<n-1,

Tn—11

fle)=0, n<i<”
Tn—17

fle) = 1; ”4 <i<2n-2,

f(eZn—l):(),

flen=1; 2n<i<4n-3.

In view of the above defined labeling pattern we have

~1 |
3L and vyl = %
n-3 and e/(1) = on =3

v(0) =
3
er(0) =

Thus in this case we have |[(v£(0) + e£(0)) — (ve(1) —ep(1))| = 1.
Case 3: When n = 2 (mod 4).

3n—-2
fle)=0, 1<is ”4 ,
3n+2
fle) =1; " <i<n-1,
4 Tn—10
f(e) =0; n<i< YR
7 _
fle) =1; " <i<2n-2,
f(ez—1) =0,

fle) =1; 2n<i<4n-3.

In view of the above defined labeling pattern we have

3
vf(o3) - 7” and v (1) =Sg 4
ef(0) = = and e/(1) = ”2_
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Thus in this case we have |[(v£(0) + e£(0)) — (ve(1) —ep(1))| = 1.
Case 4: When n = 3 (mod 4).

flen=0.  1<i< T2
fle) =1; =l ienot,
fle) =0; nsis7n4_9,
flen) = 1; 7ﬁ;5<iszn—z
flean-1) =0,

flen=1; 2n<i<4n-3.

In view of the above defined labeling pattern we have

3n-1 +1
vp(0) = = and vy(1) =
3n-3 5n-3
er(0) = = and e/(1) = 2
Thus in this case we have |[(v£(0) + e£(0)) — (ve(1) —ep(1))| = 1.
Hence, the triangular ladder T'L,, is a total edge product cordial graph. [ |

Iustration 2.11. The triangular ladder 7'Lg and its total edge product cordial labeling is shown in
Figure 5.

Figure 5

Theorem 2.12. The comb P, (*) K is an edge product cordial graph.

Proof: The comb P, @ K| is of order 2n and size 2n—1. Let vy, vy, ..., v, are the vertices corresponding
to path P, and v,41, Va2, - . ., V2, are the vertices corresponding to K. Let ey, ep, ..., e,-1 be the edges
corresponding to path P, and e,, e,+1, ..., e, are the remaining edges. We define f : E(P, @ Ki) —
{0, 1} as follows.

fle)=0; 1<i<n-1,
fle =1, n<i<2n-1.
In view of the above defined labeling pattern we have
Vf(O) = Vf(l) =n
ef(0)=n-1landeg(l)=n

Thus, we have [v¢(0) —v¢(1)] = 0 and |ef(0) — ef(1)| = 1.
Hence, the comb P, (*) K; is an edge product cordial graph. |
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Ilustration 2.13. The comb P; (+) K; and its edge product cordial labeling is shown in Figure 6.

0000020

1 1 1 1 1 1 1

Figure 6

Corollary 2.14. The comb P, () K| is a total edge product cordial graph.

Proof: The comb P, (*) K is of even order and it is edge product cordial as proved in Theorem 2.12.
Then by Proposition 1.4 the result holds. |

3 Concluding Remarks

Cordial and edge product cordial labeling of a graph are two independent concepts and a graph may

possess one or both of these labelings or neither as exhibited below.
1. Every tree is cordial as well as edge product cordial.
2. The friendship graph C;t) for t = 2(mod 4) is not cordial but it is edge product cordial.
3. The complete bipartite graph K, , for m,n > 2 is cordial but not edge product cordial.

4. The complete graph K, for n > 4 is neither cordial nor edge product cordial.
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